


















Sdqho gdwd sod| dq lpsruwdqw uroh lq hpslulfdo hfrqrplfv1 Zlwk sdqho gdwd rqh fdq dq0
vzhu txhvwlrqv derxw plfurhfrqrplf g|qdplf ehkdylru wkdw frxog qrw eh dqvzhuhg zlwk furvv
vhfwlrqdo gdwd1 Sdqho gdwd whfkqltxhv duh dovr xvhixo iru dqdo|}lqj furvv vhfwlrqdo gdwd zlwk
jurxslqj1 Wklv sdshu glvfxvvhv vrph lvvxhv uhodwhg wr vshfl￿fdwlrq hvwlpdwlrq ri qrqolqhdu prg0
hov xvlqj sdqho gdwd1
Nh|zrugv= sdqho gdwd/ qrqolqhdu prghov/ ￿{hg h￿hfwv/ udqgrp h￿hfwv1
MHO Fodvvl￿fdwlrq= F5631
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Wkhuh lv d qdwxudo jurxslqj ri wkh revhuydwlrqv lq pdq| hfrqrplf gdwd vhwv1 Iru h{dpsoh/ d gdwd
vhw pljkw frqwdlq lqirupdwlrq derxw dq lqglylgxdo ru d ￿up ryhu d qxpehu ri wlph shulrgv1 Lq wklv
fdvh/ rqh fdq wklqn ri wkh revhuydwlrqv iru d jlyhq lqglylgxdo ru ￿up dv d jurxs1 Wklv nlqg ri gdwd
vhw lv riwhq uhihuuhg wr dv d sdqho gdwd vhw/ exw vrph ri wkh wrrov wkdw kdyh ehhq ghyhorshg iru wklv
fdvh duh dovr dssolfdeoh lq rwkhu vlwxdwlrqv zkhuh wkh revhuydwlrqv duh jurxshg1 Iru h{dpsoh/ d
gdwd vhw pljkw frqwdlq lqirupdwlrq rq krxvhkrogv/ lq zklfk fdvh rqh pljkw wklqn ri wkh krxvhkrogv
olylqj lq wkh vdph qduurzo| gh￿qhg jhrjudsklfdo duhd dv d jurxs1 Lq d gdwd vhw ri lqglylgxdov/ rqh
pljkw wklqn ri lqglylgxdov wkdw ehorqj wkh vdph idplo| dv d jurxs1 Lw lv wkhuhiruh qdwxudo wr xvh
wkh whup sdqho gdwd iru dq| vlwxdwlrq lq zklfk wkhuh lv d qdwxudo jurxslqj ri wkh gdwd1
WPdlolqj dgguhvv= Sulqfhwrq/ QM 3;87304354/ X1V1D1 Hpdlo= krqruhCsulqfhwrq1hgx1 Wkh uhvhdufk ehklqg wklv
sdshu zdv vxssruwhg e| wkh Qdwlrqdo Vflhqfh Irxqgdwlrq/ wkh Juhjru| F1 Fkrz Hfrqrphwulf Uhvhdufk Surjudp dw
Sulqfhwrq Xqlyhuvlw|/ dqg Gdqlvk Qdwlrqdo Uhvhdufk Irxqgdwlrq +wkurxjk FDP dw wkh Xqlyhuvlw| ri Frshqkdjhq,1
Wkh dxwkru wkdqnv Hndwhulql N|uld}lgrx dqg Pdulqd Vdooxvwur iru khosixo vxjjhvwlrqv1
4Wkhuh duh dw ohdvw wzr uhdvrqv zk| vxfk d jurxslqj lv lqwhuhvwlqj/ ￿ dqg lpsruwdqw hyhq li lw
lv qrw lqwhuhvwlqj1 Wkh ￿uvw uhdvrq lv wkdw zlwk jurxshg gdwd/ rqh zrxog h{shfw wkh huuruv lq dq
hfrqrphwulf prgho wr eh uhodwhg dfurvv revhuydwlrqv lq wkh vdph jurxs1 Wklv udlvhv hfrqrphwulf
lvvxhv wkdw pxvw eh ghdow zlwk/ hyhq li wklv uhodwlrqvkls lv qrw wkh remhfw ri lqwhuhvw1 Wklv fruuhodwlrq
zlwklq d jurxs lv riwhq prghohg e| doorzlqj iru d jurxs￿h￿hfw zklfk kdv wkh lqwhusuhwdwlrq dv dq
xqrevhuyhg jurxs￿vshfl￿f h{sodqdwru| yduldeoh1 Wkh vhfrqg uhdvrq iru vwxg|lqj jurxshg gdwd lv
wkdw wkh uhodwlrqvkls ehwzhhq wkh revhuydwlrqv lq d jlyhq jurxs pljkw eh lqwhuhvwlqj lq lwvhoi1 Iru
h{dpsoh/ li wkh jurxs frqvlvwv ri lqglylgxdov ryhu wlph/ wkhq lw lv vrphwlphv ri lqwhuhvw wr nqrz
krz/ dqg zkhwkhu/ wkh ghshqghqw yduldeoh lq rqh shulrg d￿hfwv lwv ixwxuh ydoxhv1
Wklv sdshu zloo glvfxvv vrph lvvxhv uhodwhg wr hvwlpdwlrq ri vwdqgdug qrqolqhdu hfrqrphwulf
prghov xvlqj sdqho gdwd1 Wkh sdshu lv qrw lqwhqghg dv d vxuyh|/ exw udwkhu dv dq lqwurgxfwlrq wr d
sduwlfxodu vxevhw ri wkh olwhudwxuh1 Dowkrxjk vrph ri wkh wrrov ghvfulehg khuh dsso| wr dq| nlqg ri
jurxshg gdwd/ zh zloo xvh wkh whuplqrorj| wkdw rqh zrxog xvh li wkh gdwd frqvlvwhg ri q lqglylgxdov
revhuyhg ryhu W wlph shulrgv1 Lq vrph fdvhv/ W zloo eh doorzhg wr eh gl￿huhqw dfurvv revhuydwlrqv/
zklfk lv uhihuhg wr dv dq xqedodqfhg sdqho1 Wkh jhqhulf prgho wkdw zloo eh glvfxvvhg kdv wkh irup
|￿| @ j+{￿|>% ￿|>￿ ￿>￿, +4,
zkhuh |￿| lv wkh ghshqghqw yduldeoh ri lqwhuhvw dqg {￿| lv d yhfwru ri h{sodqdwru| yduldeohv iru
lqglylgxdo l lq wlph shulrg w1 Zh zloo xvh |￿ dqg {￿ +zlwkrxw wkh vxevfulsw w, wr ghqrwh d yhfwru
ri doo wkh ghshqghqw +dqg h{sodqdwru|, yduldeohv iru lqglylgxdo l1 ￿￿ lv d wlph￿lqyduldqw/ lqglylgxdo
vshfl￿f h￿hfw/ zklfk fdq eh lqwhusuhwhg dv dq xqrevhuyhg h{sodqdwru| yduldeoh1 ￿￿ lv vrphwlphv
uhihuuhg wr dv xqrevhuyhg khwhurjhqhlw|1 ￿ lv wkh yhfwru ri sdudphwhuv wr eh hvwlpdwhg/ dqg doprvw
doo ri wkh uhvxowv wkdw zloo eh glvfxvvhg iru hvwlpdwruv ri qrqolqhdu sdqho gdwd prghov duh mxvwl￿hg
e| dv|pswrwlfv udwkhu wkdq ￿qlwh vdpsoh dujxphqwv1 Wkh dv|pswrwlf dujxphqwv dvvxph wkdw q
lv odujh zlwk vpdoo +￿{hg, W/ zklfk fruuhvsrqgv wr wkh vlwxdwlrq lq zklfk pdq| lqglylgxdov duh
revhuyhg lq d ihz wlph shulrgv1
Zh zloo glvfxvv d qxpehu ri gl￿huhqw qrqolqhdu prghov lq wklv sdshu/ exw wkh ohdglqj vshfl￿f
h{dpsoh wr eh frqvlghuhg lv wkh glvfuhwh fkrlfh prgho
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Li %￿| lv qrupdoo| ru orjlvwlfdoo| glvwulexwhg dqg lqghshqghqw ri +{￿|>￿ ￿,/ wkhq wklv lv d sdqho gdwd
5yhuvlrq ri wkh idploldu surelw dqg orjlw prghov1 Qrwh wkdw rqh fdqqrw vlpxowdqhrxvo| lghqwli| wkh
vfdoh ri ￿ dqg % lq +5,1 Zkhq glvfxvvlqj hvwlpdwlrq ri +5,/ zh zloo wkhuhiruh dvvxph wkdw vrph vfdoh
qrupdol}dwlrq lv lpsrvhg1
Glvwlqjxlvklqj ehwzhhq wkh dvvxpswlrqv wkdw duh pdgh zlwk uhjdug wr wkh uhodwlrqvkls ehwzhhq
fxuuhqw ghshqghqw yduldeohv dqg ixwxuh h{sodqdwru| yduldeohv lv fuxfldo lq wkh dqdo|vlv ri sdqho gdwd1
Wklv lv prvw hdvlo| vhhq e| frqvlghulqj wkh fdvh zkhuh +4, lv olqhdu1 Lq wkdw fdvh/ ￿uvw￿gl￿huhqflqj
zloo holplqdwh wkh ￿￿/
+|￿| ￿ |￿|3￿,@+ {￿| ￿ {￿|3￿,
￿ ￿ .+ %￿| ￿ %￿|3￿,= +6,
Li wkh huuru lq wlph shulrg w/ %￿|/ lv xqfruuhodwhg zlwk sdvw/ fxuuhqw dqg ixwxuh ydoxhv ri wkh h{0
sodqdwru| yduldeoh/ wkhq rqh fdq hvwlpdwh ￿ e| dsso|lqj ruglqdu| ohdvw vtxduhv wr +6,1 Rq wkh rwkhu
kdqg/ li wkh huuru lv xqfruuhodwhg rqo| zlwk sdvw dqg fxuuhqw ydoxhv ri wkh h{sodqdwru| yduldeohv/
wkhq +%￿| ￿ %￿|3￿, zloo eh fruuhodwhg zlwk +{￿| ￿ {￿|3￿,/ dqg wkh ruglqdu| ohdvw vtxduhv hvwlpdwru zloo
eh lqfrqvlvwhqw14 Lq wklv sdshu/ zh zloo vd| wkdw wkh h{sodqdwru| yduldeohv duh vwulfwo| h{rjhqrxv
zkhq dvvxpswlrqv duh pdgh rq wkh glvwulexwlrq ri wkh huuruv frqglwlrqdo rq sdvw/ fxuuhqw dqg ixwxuh
ydoxhv ri wkh h{sodqdwru| yduldeohv1 Zh zloo vd| wkdw h{sodqdwru| yduldeohv duh suhghwhuplqhg zkhq
dvvxpswlrqv duh pdgh rq wkh glvwulexwlrq ri wkh huuruv frqglwlrqdo rqo| rq sdvw dqg fxuuhqw ydoxhv
ri wkh h{sodqdwru| yduldeoh1
  
  
 	      
Lw lv xvhixo wr ￿uvw frqvlghu prghov lq zklfk wkh h{sodqdwru| yduldeohv duh vwulfwo| h{rjhqrxv1 Wklv
dvvxpswlrq lv vrphwlphv xquhdolvwlf lq hfrqrplf frqwh{wv li rqh lqwhusuhwv w dv wlph1 Lq wkdw fdvh/
rqh w|slfdoo| zdqwv wr wklqn ri |￿| dv wkh rxwfrph ri vrph djhqw*v rswlpl}dwlrq sureohp1 Vlqfh wkh
djhqw +suhvxpdeo|, revhuyhv |￿| ehiruh vroylqj wkh rswlpl}dwlrq sureohp wkdw ohdgv wr |￿|n￿/r q h
pljkw h{shfw |￿| wr eh dq h{sodqdwru| yduldeoh lq wkh htxdwlrq iru |￿|n￿/ zklfk zrxog uxoh rxw vwulfw
h{rjhqhlw|1 Pruhryhu/ lq pdq| hfrqrplf h{dpsohv/ {￿| lv lwvhoi d fkrlfh yduldeoh/ dqg rqh pd| zdqw
wr doorz iru wkh srvvlelolw| wkdw wkh djhqw fkrrvhv {￿| rq wkh edvlv ri sdvw ydoxhv ri |￿|=5 Rq wkh rwkhu
kdqg/ dv srlqwhg rxw lq wkh lqwurgxfwlrq/ wkh sdqho vwuxfwxuh grhv qrw qhfhvvdulo| kdyh wr eh gxh
4Lq wklv fdvh/ rqh fdq hvwlpdwh q e| dq lqvwuxphqwdo yduldeohv dssurdfk wkdw xvhv sdvw ydoxhv ri wkh h{sodqdwru|
yduldeohv dv lqvwuxphqwv1 Vhh h1j1/ Duhoodqr dqg Erqg +4<;;,1
5Dq riwhq flwhg h{dpsoh ri wklv lv d prgho ri ihpdoh oderu vxsso| lq zklfk wkh suhvhqfh ri vpdoo fkloguhq lq wkh
krxvhkrog lv xvhg dv dq h{sodqdwru| yduldeoh1 Lq wklv fdvh/ lw pljkw eh uhdvrqdeoh wr dvvxph wkdw vkrfnv wr wkh oderu
6wr wkh djhqwv ehlqj revhuyhg ryhu wlph1 Li/ iru h{dpsoh/ w lq +4, uhihuv wr d idplo| lq d yloodjh/ wkhq
lw pljkw eh uhdvrqdeoh wr dvvxph wkdw wkh |￿|v ghshqg rq hdfk rwkhu rqo| wkurxjk wkh h{sodqdwru|
yduldeohv {￿|/ dqg wkurxjk vrph yloodjh￿vshfl￿f xqrevhuyhg fkdudfwhulvwlf/ ￿￿1 Lq rwkhu zrugv/ lw
pljkw eh uhdvrqdeoh wr pdnh dvvxpswlrqv rq wkh huuruv frqglwlrqdo rq wkh h{sodqdwru| yduldeohv
iru doo wkh xqlwv lq d sduwlfxodu jurxs1 Vshfl￿fdoo|/ lq +5,/rqh pljkw dvvxph wkdw wkh huuruv %￿| duh
lqghshqghqw ryhu wlph/ dqg doo orjlvwlfdoo| ru qrupdoo| glvwulexwhg frqglwlrqdo rq +￿￿>{ ￿,61L qw k d w
fdvh/ +5,ehfrphv d orjlw ru surelw prgho zlwk jurxs￿vshfl￿f frqvwdqwv1
Dvvxph/ iru wkh prphqw/ wkdw rqh lv zloolqj wr sdudphwhul}h wkh glvwulexwlrq ri %￿ jlyhq +￿￿>{ ￿,
lq prghov olnh +4, dqg +5,1 Wkhuh duh wkhq hvvhqwldoo| wzr dssurdfkhv wkdw kdyh ehhq wdnhq wr ghdo
zlwk wkh jurxs￿vshfl￿f h￿hfw/ ￿￿1 Wkh| duh/ shukdsv vrphzkdw plvohdglqjo|/ uhihuuhg wr dv wkh
udqgrp h￿hfwv dqg wkh ￿{hg h￿hfwv dssurdfk1
Lq d udqgrp h￿hfwv dssurdfk/ rqh sdudphwhul}hv wkh glvwulexwlrq ri ￿￿ frqglwlrqdo rq {￿1 Wklv
pdnhv wkh prgho ixoo| sdudphwulf dqg lw fdq/ lq sulqflsoh/ eh hvwlpdwhg e| pd{lpxp olnholkrrg1
Iru h{dpsoh/ li rqh dvvxphv wkdw %￿ lq +5,lv lqghshqghqw ri +￿￿>{ ￿, zlwk d pxowlyduldwh qrupdo
glvwulexwlrq/ dqg wkdw ￿￿ lv qrupdoo| glvwulexwhg dqg lqghshqghqw ri {￿/ wkhq rqh fdq h{suhvv wkh
suredelolw| ri dq| vhtxhqfh ri |v lq whupv ri d pxowlyduldwh qrupdo glvwulexwlrq1 Ri frxuvh/ ehfdxvh
ri qxphulfdo lvvxhv uhodwhg wr krz txlfno| dqg dffxudwho| rqh fdq fdofxodwh wkh pxowlyduldwh qrupdo
FGI/ lw fdq eh yhu| gl!fxow wr dfwxdoo| xvh wkhvh suredelolwlhv wr hvwlpdwh wkh prgho e| pd{l0
pxp olnholkrrg1 Wkh h{whqvlyh olwhudwxuh rq vlpxodwlrq￿edvhg hvwlpdwlrq lv wkhuhiruh yhu| pxfk
uhohydqw7/ dowkrxjk wkh ghyhorsphqwv lq wkdw olwhudwxuh duh qrw vshfl￿f wr sdqho gdwd1 Ehfdxvh wkh
udqgrp h￿hfwv dssurdfk pdnhv wkh prgho ixoo| sdudphwulf/ lw lv dovr frqfhswxdoo| vwudljkwiruzdug
wr dssurdfk wkh hvwlpdwlrq ri lwv sdudphwhuv iurp d Ed|hvldq srlqw ri ylhz1
Lq d sxuh udqgrp h￿hfwv prgho/ rqh fdq dovr ljqruh wkh sdqho vwuxfwxuh dqg hvwlpdwh wkh prgho
e| d svhxgr￿pd{lpxp olnholkrrg phwkrg wkdw ljqruhv wkh sdqho vwuxfwxuh dowrjhwkhu1 Rqfh wkh
glvwulexwlrqv ri %￿ dqg ￿￿ kdyh ehhq vshfl￿hg/ rqh fdq rewdlq wkh glvwulexwlrq ri |￿| jlyhq {￿| lq
+4,/ dqg rqh fdq wkhq hvwlpdwh wkh sdudphwhuv ri lqwhuhvw/ ￿/ e| ljqrulqj wkh sdqho vwuxfwxuh dqg
vxsso| duh xquhodwhg wr fxuuhqw dqg sdvw ydoxhv ri wkh qxpehu ri vpdoo fkloguhq/ exw lw lv pxfk pruh gl!fxow wr
mxvwli| dq dvvxpswlrq wkdw lw lv dovr xquhodwhg wr ixwxuh ydoxhv/ ehfdxvh wkdw zrxog lpso| wkdw vkrfnv wr wkh oderu
vxsso| kdyh qr h￿hfw rq wkh fxuuhqw dqg ixwxuh ghflvlrqv uhjduglqj fklog￿ehdulqj1 Vhh/ h1j1/ Eurzqlqj +4<<5,1
6Uhfdoo wkdw %￿ lv gh￿qhg wr eh E%￿￿c￿￿￿c% ￿Al￿
7Vhh h1j1 Kdmlydvvlolrx dqg Uxxg +4<<7,
7wuhdwlqj wkh gdwd dv rqh odujh furvv vhfwlrq1 Xqghu vxlwdeoh uhjxodulw| dvvxpswlrqv/ wklv zloo ohdg wr
d frqvlvwhqw dqg dv|pswrwlfdoo| qrupdo hvwlpdwru/ dowkrxjk rqh zloo kdyh wr fruuhfw wkh vwdqgdug
huuruv iru wkh idfw wkdw wkh revhuydwlrqv duh qrw lqghshqghqw18 Frqvlghu/ iru h{dpsoh/ d udqgrp
h￿hfwv surelw prgho1 Li %￿ lv frpsrvhg ri l1l1g1 qrupdoo| glvwulexwhg udqgrp yduldeohv/ wkhq wkh
pdujlqdo glvwulexwlrq iru doo wkh |v duh dv lq d surelw prgho/ dqg doo wkh pdujlqdo fkrlfh suredelolwlhv
+dqg ￿, fdq eh hvwlpdwhg e| wuhdwlqj wkh gdwd dv rqh odujh furvv vhfwlrq1
Lq d ￿{hg h￿hfwv dssurdfk/ rqh dwwhpswv wr ￿qg zd|v wr hvwlpdwh ￿lq +4, pdnlqj rqo| plqlpdo
dvvxpswlrqv rq ￿￿1 Wklv lv lqvsluhg e| wkh olqhdu sdqho gdwd prgho/ lq zklfk rqh fdq gl￿huhqfh dzd|
wkh jurxs vshfl￿f h￿hfwv dv lq +6,1 Rqh fdq dovr prwlydwh wkh ￿{hg h￿hfwv dssurdfk e| qrwlqj wkdw
li rqh kdg rqo| ihz lqglylgxdov revhuyhg ryhu pdq| wlph shulrgv/ wkhq rqh frxog mxvwli| wuhdwlqj
wkh ￿￿v dv sdudphwhuv wr eh hvwlpdwhg1 Rqh frxog wkhq surfhhg sdudphwulfdoo| dqg hvwlpdwh doo
wkh sdudphwhuv e| pd{lpxp olnholkrrg +ru vrph rwkhu frqyhqlhqw phwkrg,1 Wklv zrxog uhtxluh
qr dvvxpswlrqv rq wkh glvwulexwlrq ri ￿￿1 Krzhyhu/ li rqh lv lq d vlwxdwlrq zkhuh wkh qxpehu ri
lqglylgxdov lv odujh dqg wkh qxpehu ri wlph shulrgv vpdoo/ wkhq lw vhhpv dsshdolqj wr frqvlghu
dv|pswrwlfv zlwk odujh q dqg ￿{hg W￿1 Wuhdwlqj wkh ￿￿*v dv sdudphwhuv wr eh hvwlpdwhg lq wkdw
fdvh/ lpsolhv wkdw wkh qxpehu ri sdudphwhuv zloo eh lqfuhdvlqj dv wkh vdpsoh vl}h lqfuhdvhv1 Wklv
sureohp/ zklfk lv fdoohg wkh lqflghqwdo sdudphwhuv sureohp/ zloo w|slfdoo|/ exw qrw dozd|v/ ohdg wr
lqfrqvlvwhqw hvwlpdwlrq ri doo wkh sdudphwhuv ri wkh prgho +vhh Qh|pdq dqg Vfrww +4<7;,,1
Wkh frqwulexwlrq ri wkh olwhudwxuh rq hvwlpdwlrq ri qrqolqhdu ￿{hg h￿hfwv sdqho gdwd prghov
kdv ehhq wr ghyhors dowhuqdwlyh hvwlpdwlrq surfhgxuhv iru hvwlpdwlqj ￿ lq +4, zlwkrxw pdnlqj
dvvxpswlrqv rq wkh glvwulexwlrq ri wkh ￿￿v1 Wkh jhqhudo lghd lv wkdw/ dowkrxjk wkh prgho grhv qrw
kdyh ihdwxuhv wkdw duh olqhdu lq wkh ￿￿v +vr wkh ￿￿v fdqqrw eh gl￿huhqfhg dzd|,/ lw lv qrqhwkhohvv
vrphwlphv srvvleoh wr ￿qg ihdwxuhv ri wkh prgho wkdw gr qrw ghshqg rq ￿￿1 Wkhvh duh wkh ihdwxuhv
wkdw zloo eh xvhg wr frqvwuxfw hvwlpdwruv ri wkh prghov1 Xqiruwxqdwho|/ wkh ihdwxuhv ri wkh prgho
wkdw gr qrw ghshqg rq ￿￿ whqg wr eh gl￿huhqw iru gl￿huhqw ixqfwlrqdo irupv iru jlq +4,/ dqg gr qrw
dozd|v h{lvw/ dv iru h{dpsoh lq wkh fdvh ri d ￿{hg h￿hfwv surelw prgho1 Wkh uhvxowlqj hvwlpdwlrq
surfhgxuhv duh wkhuhiruh gl￿huhqw iru gl￿huhqw prghov/ dqg rqh hqgv xs hvwlpdwlqj/ vd|/ d orjlw
8Hvwlpdwlqj wkh sdqho prgho e| frqvlghulqj rqo| wkh pdujlqdo glvwulexwlrq ri +￿| +dqg qrw wkh mrlqw, zloo w|slfdoo|
qrw ohdg wr hvwlpdwhv ri wkh sdudphwhuv ri wkh glvwulexwlrq ri wkh huuruv/ 0￿|dqg k￿1 Rqh srvvlelolw| lv wr surfhhg lq
d wzr￿vwhs pdqqhu zkhuh rqh ￿uvw hvwlpdwhv w dv ghvfulehg/ dqg wkhq hvwlpdwhv wkh sdudphwhuv ri wkh glvwulexwlrqv
ri 0￿| dqg k￿/ xvlqj ihdwxuhv ri wkh mrlqw glvwulexwlrq ri wkh yhfwru +￿1
8prgho lq d zd| wkdw lv ixqgdphqwdoo| gl￿huhqw iurp wkh zd| rqh zrxog hvwlpdwh/ vd|/ d fhqvruhg
uhjuhvvlrq prgho1 Wklv lv vrphzkdw xqvdwlvidfwru| dqg ixqgdphqwdoo| gl￿huhqw iurp wkh udqgrp
h￿hfwv prgho lq zklfk rqh fdq xvh rqh dssurdfk/ vxfk dv pd{lpxp olnholkrrg/ wr hvwlpdwh d qxpehu
ri gl￿huhqw prghov1
Wr vhh krz rqh fdq hvwlpdwh d qrqolqhdu sdqho gdwd prgho zlwkrxw dq| dvvxpswlrqv ri wkh
glvwulexwlrq ri wkh ￿￿v/ frqvlghu +5, zlwk lqghshqghqw orjlvwlf %￿|v dqg/ iru vlpsolflw|/ dvvxph wkdw
W @5 1 Lq wkdw fdvh/ iru g￿ dqg g2 h t x d ow rh l w k h u3r u4 /
S +|￿￿ @ g￿>| ￿2 @ g2m{￿￿>{ ￿2>￿ ￿,@
h{s+{￿￿￿ . ￿￿,
_￿
4 . h{s+{￿￿￿ . ￿￿,
h{s+{￿2￿ . ￿￿,
_2
4 . h{s+{￿2￿ . ￿￿,
+7,
dqg wkh ihdwxuh ri wkh prgho wkdw grhv qrw ghshqg rq ￿￿ lv
S +|￿￿ @ gm{￿￿>{ ￿2>￿ ￿>| ￿￿ . |￿2 @4 , @
h{s++{￿￿ ￿ {￿2,￿,
_
4 . h{s++{￿￿ ￿ {￿2,￿,
iru g htxdo wr 3 ru 41 Lq rwkhu zrugv/ iru wkh lqglylgxdov iru zkrp | fkdqjhv/ wkh suredelolw| wkdw
lw fkdqjhv iurp 4 wr 3/ dv rssrvhg wr fkdqjlqj iurp 3 wr 4/ lv d orjlw zlwk h{sodqdwru| yduldeohv
+{￿￿ ￿ {￿2,1 Vlqfh wklv suredelolw| grhv qrw ghshqg rq ￿￿/ rqh fdq hvwlpdwh ￿ zlwkrxw pdnlqj
dvvxpswlrqv rq ￿￿/ e| frqvlghulqj rqo| wkh lqglylgxdov iru zkrp |￿￿.|￿2 @4 > dqg wkhq hvwlpdwlqj
d orjlw prgho iru wkh hyhqw |￿￿ @4 1 Lw lv lqwxlwlyho| dsshdolqj wkdw wkh lqglylgxdov zkr gr qrw
vzlwfk/ duh qrw xvhg wr hvwlpdwh ￿/ vlqfh iru dq| ydoxh ri ￿/ wkrvh lqglylgxdov fdq eh udwlrqdol}hg
hlwkhu e| h{wuhpho| odujh ru e| h{wuhpho| vpdoo ydoxhv ri ￿￿1
Wkh ￿{hg h￿hfwv orjlw prgho lq +7, dovr looxvwudwhv d ixqgdphqwdo gl!fxow| lq hvwlpdwlqj qrqolq0
hdu prghov1 Nqrzlqj ￿ lq +5, doorzv rqh wr mxgjh wkh uhodwlyh lpsruwdqfh ri gl￿huhqw wlph￿ydu|lqj
h{sodqdwru| yduldeohv1 Lw dovr doorzv rqh wr fdofxodwh wkh h￿hfw ri {￿| rq wkh suredelolw| wkdw |￿| @4
frqglwlrqdo rq d sduwlfxodu ydoxh iru ￿￿1 Lw grhv qrw/ krzhyhu/ doorz rqh wr fdofxodwh wkh dyhudjh
h￿hfw ri {￿| rq wkh suredelolw| wkdw |￿| @4dfurvv wkh glvwulexwlrq ri ￿￿ lq wkh srsxodwlrq1 Vhh
Zrrogulgjh +5333, iru d ohqjkw| glvfxvvlrq ri wklv1 Wklv skhqrphqrq lv qrw vshfl￿f wr sdqho gdwd
prghov/ exw udwkhu lv d jhqhudo ihdwxuh ri pdq| qrqolqhdu vhplsdudphwulf prghov1 Frqvlghu iru
h{dpsoh wkh furvv vhfwlrqdo vhplsdudphwulf glvfuhwh fkrlfh prgho
|￿ @4i{￿￿ . %￿ ￿ 3j
zkhuh %￿ lv lqghshqghqw ri {￿1 Pdq| sdshuv lq hfrqrphwulfv kdyh frqvlghuhg hvwlpdwlrq ri ￿ lq wklv
prgho/9 exw nqrzohgjh ri ￿ lv qrw vx!flhqw iru rqh wr fdofxodwh wkh h￿hfw ri {￿ rq wkh suredelolw|
9Vhh iru h{dpsoh Srzhoo +4<<7, iru d glvfxvvlrq ri wklv dqg uhihuhqfhv wr wklv olwhudwxuh1
9wkdw |￿ @4 1 Rq wkh rwkhu kdqg/ nqrzlqj ￿ doorzv rqh wr mxgjh wkh uhodwlyh lpsruwdqfh ri wkh
frpsrqhqwv ri {￿/ dqg wr ghwhuplqh zklfk frpsrqhqwv kdyh qr h￿hfw1 Dovr/ li wkh prgho ehlqj
lqyhvwljdwhg lv ghulyhg iurp vrph vwuxfwxudo hfrqrplf prgho/ wkhq wkh sdudphwhu pljkw eh ri
lqghshqghqw lqwhuhvw1
Rqh dsshdolqj dvshfw ri wkh ￿{hg h￿hfwv dssurdfk lv wkdw ￿￿ lv doorzhg wr ghshqg rq {￿ lq
dq duelwudu| pdqqhu1 D qxpehu ri dxwkruv +vhh iru h{dpsoh Fkdpehuodlq +4<;7,/ Qhzh| +4<<7,
dqg Fkhq +4<<;,, kdyh wulhg wr dffrpsolvk wklv lq d udqgrp h￿hfwv dssurdfk e| sdudphwhul}lqj
wkh glvwulexwlrq ri ￿￿ dv d ixqfwlrq ri {￿1 Wklv lv idluo| lqqrfhqw lq d olqhdu prgho/ vlqfh rqh fdq
lqwhusuhw wkh frh!flhqw dv wkh sdudphwhuv lq olqhdu surmhfwlrqv/ dqg frqvhtxhqwo| wkhuh lv d vhqvh lq
zklfk wkh prgho lv dozd|v fruuhfwo| vshfl￿hg1 Xqiruwxqdwho|/ wklv lv ohvv wuxh iru qrqolqhdu prghov1










zkhuh wkh sdudphwhuv ￿| dqg ￿2
k pljkw ghshqg rq W￿1 Wkh pdujlqdo glvwulexwlrq ri |￿| zrxog eh
iurp d surelw prgho dqg lw zrxog eh hdv| wr hvwlpdwh wkh sdudphwhuv ri lqwhuhvw +vxemhfw wr wkh
qrupdol}dwlrqv qhfhvvdu| iru lghqwl￿fdwlrq,1 Xqiruwxqdwho|/ lw lv qrw dozd|v hdv| wr mxvwli| +8,
ehfdxvh rqh zrxog suhvxpdeo| zdqw lw wr krog qr pdwwhu zkdw W￿ lv1 Dv d jhqhudo vwdwhphqw/ wklv
sodfhv vwurqj dvvxpswlrqv rq wkh glvwulexwlrq ri wkh h{sodqdwru| yduldeohv1 Lq sduwlfxodu/ wkh odz
ri lwhudwhg h{shfwdwlrqv lpsolhv wkdw li +8, krogv lq wlph shulrgv W dqg W .4zlwk ￿| jlyhq e| ￿|















{￿| +￿| ￿ h ￿|,@h ￿An￿
$
=
Lq rwkhu zrugv/ wkh phdq ri {￿An￿/ jlyhq lwv sdvw ydoxhv/ lv qrw rqo| olqhdu/ exw wkh frh!flhqwv
duh olqnhg wr wkh sdudphwhuv rqh zrxog jhw e| hvwlpdwlqj d surelw prgho iru wkh glvwulexwlrq ri
|￿|/ jlyhq wkh h{sodqdwru| yduldeohv lq ydulrxv shulrgv1 +8, kdv rwkhu lpsolfdwlrqv lq wkh vdph
vslulw1 Exw ri frxuvh/ hyhq li rqh lv qrw zloolqj wr dffhsw wkhvh uhvwulfwlrqv rq wkh glvwulexwlrq ri
wkh uhjuhvvruv dqg rq wkh sdudphwhuv/ rqh pljkw vwloo eh zloolqj wr surfhhg iurp +8, rq wkh edvlv
wkdw lw pljkw eh d xvhixo dssur{lpdwlrq wkdw fdswxuhv wkh srvvlelolw| wkdw ￿￿ lv uhodwhg wr {￿/d q g
doorzv rqh wr hvwlpdwh doo wkh sdudphwhuv qhhghg iru fdofxodwlqj wkh h￿hfw ri {￿ rq wkh suredelolw|
wkdw |￿| @4 1
:D uhfhqw sdshu e| Dowrqml dqg Pdw}nlq +5334, wdnhv d pruh qrqsdudphwulf dssurdfk wr hvwlpd0
wlrq ri +4,1 Lq rughu wr vlpsoli| wkh h{srvlwlrq/ dvvxph wkdw %￿ lv lqghshqghqw ri {￿= Wkh edvlf lghd
lv wkdw wkh ydoxh ri {￿| d￿hfwv wkh glvwulexwlrq ri |￿| erwk gluhfwo| dqg lqgluhfwo| wkurxjk lwv h￿hfw
rq ￿￿1 Rq wkh rwkhu kdqg/ lw zloo rqo| d￿hfw wkh glvwulexwlrq ri |￿r lqgluhfwo| wkurxjk lwv h￿hfw rq
￿￿1 Zlwk d olwwoh dgglwlrqdo vwuxfwxuh/ rqh fdq wkhq frpsduh wkh mrlqw glvwulexwlrq ri |￿r dqg {￿| wr
wkh mrlqw glvwulexwlrq ri |￿| dqg {￿|/ dqg xvh wkdw frpsdulvrq wr lvrodwh wkh gluhfw h￿hfw ri {￿|rq wkh
glvwulexwlrq ri |￿|/ kroglqj ￿￿ ￿{hg1 Zkloh prvw ri wkh uhvxowv lq Dowrqml dqg Pdw}nlq +5334, duh
qrqsdudphwulf lq wkh vhqvh wkdw wkh| duh frqfhuqhg zlwk hvwlpdwlqj wkh h￿hfw rq wkh glvwulexwlrq








Dv phqwlrqhg deryh/ lw lv srvvleoh wr hvwlpdwh wkh frh!flhqwv rq {￿| lq d sdqho gdwd orjlw prgho
zlwk wzr wlph shulrgv e| frqvlghulqj wkh frqglwlrqdo glvwulexwlrq ri |￿|jlyhq |￿￿ . |￿21W k l vl vd
vshfldo fdvh ri d pruh jhqhudo lghd1 Frqvlghu wkh prgho jlyhq lq +4,1 D vx!flhqw vwdwlvwlf/ V￿/i r u￿￿
lv gh￿qhg wr eh d ixqfwlrq: ri wkh gdwd vxfk wkdw wkh glvwulexwlrq ri |￿/ frqglwlrqdo rq +V￿>{ ￿>￿ ￿,/
grhv qrw ghshqg rq ￿￿1 Lq wkh wzr￿shulrg orjlw prgho/ |￿￿ . |￿2lv vxfk d ixqfwlrq1 Li rqh kdv
d vx!flhqw vwdwlvwlf/ zklfk ixuwkhupruh kdv wkh surshuw| wkdw wkh glvwulexwlrq ri |￿ frqglwlrqdo
rq +V￿>{ ￿>￿ ￿, ghshqgv rq ￿/wkhq rqh fdq hvwlpdwh ￿e| pd{lpxp olnholkrrg xvlqj wkh frqglwlrqdo
glvwulexwlrq ri wkh gdwd/ jlyhq wkh vx!flhqw vwdwlvwlf1 Dqghuvhq +4<:3, suryhg wkdw wkh uhvxowlqj
hvwlpdwru lv frqvlvwhqw dqg dv|pswrwlfdoo| qrupdo xqghu dssursuldwh uhjxodulw| frqglwlrqv1
Xqiruwxqdwho|/ wkhuh duh rqo| ihz vwdqgdug qrqolqhdu hfrqrphwulf sdqho gdwd prghov iru zklfk
d vx!flhqw vwdwlvwlf wkdw kdv wkh dssursuldwh surshuwlhv h{lvwv1 Iru h{dpsoh/ wkh rqo| vx!flhqw
vwdwlvwlf lq wkh surelw yhuvlrq ri +5, lv |￿/ dqg lw lv wkhuhiruh fohdu wkdw rqh fdqqrw pdnh lqihuhqfh
derxw ￿ e| frqvlghulqj wkh glvwulexwlrq frqglwlrqdo rq wkh vx!flhqw vwdwlvwlf1 D vhfrqg olplwdwlrq
ri wkh dssurdfk ri frqglwlrqlqj rq vx!flhqw vwdwlvwlfv/ lv wkdw lw uhtxluhv d sdudphwulf prgho iru
|￿ frqglwlrqdo rq +{￿>￿ ￿,1 Lq wklv vxevhfwlrq/ zh zloo wkhuhiruh glvfxvv vrph dowhuqdwlyh dssurdfkhv wr
hvwlpdwlrq ri qrqolqhdu ￿{hg h￿hfwv sdqho gdwd prghov1 Rqh fdq lqwhusuhw wkhvh dv jhqhudol}dwlrqv ri
wkh frqglwlrqdo olnholkrrg dssurdfk1 Vshfl￿fdoo|/ wkh jhqhudo lghd lv wr orrn iru vrph ihdwxuh ri wkh
gdwd/ zkrvh glvwulexwlrq ghshqgv rq ￿/exw qrw rq ￿￿1 Wkdw ihdwxuh zloo wkhq eh xvhg wr hvwlpdwh
:Wkh vx!flhqw vwdwlvwlf/ 7￿/ grhv qrw kdyh wr eh d vfdodu1
;￿ zlwkrxw pdnlqj dvvxpswlrqv rq ￿￿1 Lq wkh frqglwlrqdo olnholkrrg dssurdfk/ wkh ihdwxuh xvhg
wr hvwlpdwh ￿/ lv wkh frqglwlrqdo glvwulexwlrq ri |￿ jlyhq +V￿>{ ￿>￿ ￿,1 Lq wkh dssurdfkhv glvfxvvhg
ehorz/ wkh ihdwxuhv zloo eh remhfwv olnh prphqwv dqg phgldqv1 Ehiruh glvfxvvlqj wkhvh/ zh zloo
eulh | uhylhz wzr fdvhv lq zklfk wkh frqglwlrqdo olnholkrrg dssurdfk grhv zrun1
H{dpsoh 4 +Orjlw, Wkh vx!flhqw vwdwlvwlf iru d orjlw prgho zlwk W￿ revhuydwlrqv iru hdfk lqgl0
ylgxdo lv V￿ @
SA￿


















zkhuh E￿ frqvlvwv ri doo vhtxhqfhv ri ohqjwk W￿ zlwk hohphqwv wkdw duh doo 3 ru 41
H{dpsoh 5 +Srlvvrq Uhjuhvvlrq, Wkh sdqho gdwd srlvvrq uhjuhvvlrq prgho lv jlyhq e|
|￿|m{￿>￿ ￿ ￿ sr+h{s+￿￿ . {￿|￿,,=
Iru wklv prgho/ wkh vx!flhqw vwdwlvwlf lv
SA￿
|’￿ |￿|/ dqg wkh frqglwlrqdo glvwulexwlrq ri |￿ jlyhq





















Wklv iroorzv iurp wkh idfw wkdw wkh frqglwlrqdo glvwulexwlrq ri lqghshqghqw srlvvrq udqgrp yduldeohv
lv pxowlqrpldo1
Frqglwlrqdo olnholkrrg hvwlpdwlrq ri wkh sdqho gdwd srlvvrq uhjuhvvlrq prgho zdv frqvlghuhg e|
Kdxvpdq/ Kdoo/ dqg Julolfkhv +4<;7,1 Vrphzkdw vxusulvlqjo|/ Eoxqghoo/ Jul!wk/ dqg Zlqgphlmhu
+4<<:, dqg Odqfdvwhu +4<<:, kdyh vkrzq wkdw wuhdwlqj doo wkh ￿{hg h￿hfwv dv sdudphwhuv wr eh
hvwlpdwhg/ ohdgv wr wkh frqglwlrqdo pd{lpxp olnholkrrg hvwlpdwru edvhg rq +9,1 Lq rwkhu zrugv/
wkh lqflghqwdo sdudphwhuv sureohp grhv qrw ohdg wr dq lqfrqvlvwhqw hvwlpdwru lq wkh sdqho gdwd
srlvvrq uhjuhvvlrq prgho zlwk vwulfwo| h{rjhqrxv uhjuhvvruv1
Wkh qh{w wkuhh h{dpsohv looxvwudwh krz vrph ihdwxuhv ri wkh prgho/ rwkhu wkdq wkh frqglwlrqdo
olnholkrrg/ fdq ghshqg rq wkh sdudphwhu wr eh hvwlpdwhg/ exw qrw ri ￿￿/ dqg krz wklv fdq eh xvhg wr
frqvwuxfw dq hvwlpdwru1 Iru doo ri wkhp/ wkh edvlf lghd lv wr frpsduh wzr wlph shulrgv/ w dqg v/i r u
d jlyhq lqglylgxdo1 Vr wr lpsohphqw wkh lghdv lq sudfwlfh/ rqh zloo kdyh wr frqvlghu doo sdluv ri wlph
shulrgv dqg wkhq frpelqh wkhp lq vrph zd|1 Wkh wkuhh h{dpsohv duh lqwhuhvwlqj lq wkhlu rzq uljkw/
<exw wkh pdlq uhdvrq iru suhvhqwlqj wkhp khuh/ lv wr looxvwudwh wkh forvh olqn ehwzhhq wkh olwhudwxuh
rq qrq￿olqhdu ￿{hg h￿hfwv sdqho gdwd prghov dqg wkh hvwlpdwlrq ri qrqolqhdu vhplsdudphwulf furvv
vhfwlrqdo prghov1
H{dpsoh 6 +Vhplsdudphwulf Elqdu| Fkrlfh, Frqvlghu d vhplsdudphwulf yhuvlrq ri wkh sdqho
gdwd glvfuhwh fkrlfh prgho +5,/zkhuh/ iru wzr wlph shulrgv w dqg v/ %￿| dqg %￿r duh lghqwlfdoo|
glvwulexwhg frqglwlrqdo rq +￿￿>{ ￿|>{ ￿r,1 Pdqvnl +4<;:, revhuyhg wkdw lq wklv prgho
phgldq+|￿| ￿ |￿rm￿￿>{ ￿|>{ ￿r>| ￿| 9@ |￿r, @ vljq++{￿| ￿ {￿r,￿,> +:,
Wkh nh| revhuydwlrq lv wkdw wkh uljkw0kdqg vlgh grhv qrw ghshqg rq ￿￿/e x ww k d wl wg r h vg h s h q gr q
￿1 Rqh fdq wkhuhiruh hvwlpdwh ￿ e| plqlpl}lqj
? [
￿’￿
m+|￿| ￿ |￿r, ￿ vljq++{￿| ￿ {￿r,e,m
zklfk lv htxlydohqw wr pd{lpl}lqj
? [
￿’￿
vljq+|￿| ￿ |￿r, ￿ vljq++{￿| ￿ {￿r,e,
Wkh uhvxowlqj hvwlpdwru lv frqvlvwhqw exw qrw urrw￿qdv|pswrwlfdoo| qrupdo1
Wr xqghuvwdqg wkh lqvljkw ehklqg H{dpsoh 6/ rqh pxvw uhodwh lw wr Pdqvnl*v hduolhu zrun rq wkh
furvv vhfwlrqdo elqdu| fkrlfh prgho +Pdqvnl +4<:8/ 4<;8,,
|￿ @
+ 4 li {￿￿ . %￿ ￿ 3
3 rwkhuzlvh
> zlwk phgldq+%￿m{￿,@3 +;,
Li %￿ @ {￿￿ zlwk suredelolw| 3/ wkhq +;, lpsolhv wkdw 5|￿ ￿ 4 @ vljq+{￿￿ . %￿, +zlwk suredelolw|
4,1 Wklv lpsolhv wkdw phgldq+5|￿ ￿ 4m{￿, @ vljq+{￿￿,/ zklfk lq wxuq lpsolhv wkdw wkh ixqfwlrq
H ^vljq+5|￿ ￿ 4, ￿ vljq+{￿e,‘ lv pd{lpl}hg dw e @ ￿1 Lw lv wkhuhiruh qdwxudo wr hvwlpdwh ￿ e| pd{l0
pl}lqj
S?
￿’￿ vljq+5|￿ ￿ 4, ￿ vljq+{￿e,1
Wkh nh| revhuydwlrq lq Pdqvnl +4<;:, lv wkdw lq wkh sdqho gdwd yhuvlrq ri wkh prgho/ wkh ehkdylru
ri |￿|￿|￿r frqglwlrqdo rq |￿| 9@ |￿r/ lv vlplodu wr wkh ehkdylru ri 5|￿￿4lq wkh furvv vhfwlrqdo yhuvlrq
jlyhq lq +;,1 Zlwk wkdw revhuydwlrq/ rqh fdq wkhq surfhhg mxvw dv rqh zrxog lq wkh furvv vhfwlrqdo
fdvh/ dqg wkh surshuwlhv ri wkh uhvxowlqj hvwlpdwru duh hvvhqwldoo| lghqwlfdo wr wkh surshuwlhv ri wkh
pd{lpxp vfruh hvwlpdwru sursrvhg lq Pdqvnl +4<:8,1
43H{dpsoh 7 +Fhqvruhg Uhjuhvvlrq, Krqru￿ +4<<5, frqvlghuhg wkh fhqvruhg uhjuhvvlrq prgho
|￿| @ pd{i3>{ ￿|￿ . ￿￿ . %￿|j +<,
dqg vkrzhg wkdw li +%￿|>% ￿r, lv glvwulexwhg olnh +%￿r>% ￿|, frqglwlrqdo rq +{￿|>{ ￿r>￿ ￿,/w k h q￿ lv wkh





.5 ￿ 4i|￿| ? 7{￿ej+7{￿e ￿ |￿|,|￿r .5￿ 4i|￿r ? ￿7{￿ej+￿7{￿e ￿ |￿r,|￿|‘
zkhuh 7{￿ @ {￿| ￿ {￿r1 Wklv vxjjhvwv hvwlpdwlqj ￿ e|





+pd{i|￿|>7{￿ej￿pd{i|￿r>￿7{￿ej￿7 {￿e, 2 +44,
.5 ￿ 4i|￿| ? 7{￿ej+7{￿e ￿ |￿|,|￿r .5￿ 4i|￿r ? ￿7{￿ej+￿7{￿e ￿ |￿r,|￿|
￿
=
Wkh plqlpl}dwlrq sureohp +43, lv frqyh{ dqg kdv dv ￿uvw rughu frqglwlrq
3@H ^++pd{i|￿|>7{￿ej￿pd{i3>7{￿ej, ￿ +pd{i|￿r>￿7{￿ej￿pd{i3>￿7{￿ej,,7{￿‘=
Dw e @ ￿> wkh uljkw kdqg vlgh htxdov
H ^+pd{i￿￿ . %￿|>￿{￿|￿>￿{￿r￿j￿pd{i￿￿ . %￿r>￿{￿r￿>￿{￿|￿j,7{￿‘=
Li %￿| dqg %￿r duh lghqwlfdoo| glvwulexwhg frqglwlrqdo rq +￿￿>{ ￿|>{ ￿r,/ wkhq wklv lv fohduo| 31 Wkdw lv
wkh uhdvrq zk| +43, lv plqlpl}hg dw e @ ￿;1 Dv glvfxvvhg lq Krqru￿ dqg N|uld}lgrx +5333d, dqg
Duhoodqr dqg Krqru￿ +5334,/ wkhuh duh pdq| rwkhu hvwlpdwruv ri ￿ lq +<,1 Pruhryhu/ wkh hvwlpdwru
lq +44, deryh lv frqvlvwhqw dqg dv|pswrwlfdoo| qrupdo xqghu Pdqvnl +4<;:,*v dvvxpswlrq wkdw %￿|
dqg %￿r duh lghqwlfdoo| glvwulexwhg frqglwlrqdo rq +￿￿>{ ￿|>{ ￿r,1 Wklv lv zhdnhu wkdq wkh dvvxpswlrq
pdgh lq Krqru￿ +4<<5,1 Lw lv wulyldo wr prgli| wkh prgho lq vxfk d zd| wkdw wkh vdph hvwlpdwlrq
vwudwhj| dssolhv wr wkh prghov |￿| @ pd{if￿>{ ￿|￿ . ￿￿ . %￿|j/r u|￿| @ plqif￿>{ ￿|￿ . ￿￿ . %￿|j/
zkhuh f￿ lv revhuyhg1
Wkh fhqvruhg uhjuhvvlrq prgho fdq eh prwlydwhg lq pdq| zd|v1 Shukdsv wkh fohdqhvw lv wkh fdvh
zkhuh vrph uhodwlrqvkls ri lqwhuhvw lv dvvxphg wr eh dv lq wkh olqhdu sdqho gdwd prgho
|W
￿| @ {￿|￿ .￿￿ . %￿|
;Krqru￿ +4<<5, dovr jlyhv d judsklfdo prwlydwlrq iru +43,1 Wklv fdq eh vhhq dv d wzr￿glphqvlrqdo yhuvlrq ri wkh
judsklfdo prwlydwlrq ri wkh hvwlpdwru ri wkh furvv vhfwlrqdo fhqvruhg uhjuhvvlrq prgho sursrvhg lq Srzhoo +4<;9,1
44exw zkhuh wkh ghshqghqw yduldeoh ri lqwhuhvw/ |W
￿|/ lv vxemhfw wr wrs frglqj/ vr wkdw wkh revhuyhg
yduldeoh lv plq+f|>|W
￿|,/ zkhuh f| lv wkh ydoxh deryh zklfk |W
￿|lv wrs frghg1 Lq wkdw fdvh/ wkh sdudphwhu
￿ lv wkh pdujlqdo h￿hfw ri {rq wkh yduldeoh ri lqwhuhvw |W1 Vr zkloh wkh prgho lv qrqolqhdu/ dqg ￿/
wkhuhiruh/ lv qrw wkh pdujlqdo h￿hfw ri { rq wkh revhuyhg |/ lw lv wkh pdujlqdo h￿hfw ri { rq wkh
ghshqghqw yduldeoh ri lqwhuhvw1
H{dpsoh 8 +Vdpsoh Vhohfwlrq, N|uld}lgrx +4<<:, vwxglhg wkh iroorzlqj sdqho gdwd yhuvlrq ri
wkh ￿vwdqgdug￿ vdpsoh vhohfwlrq prgho
|W
￿￿| @ {￿￿|￿￿ . ￿￿￿ . %￿￿|
|W
2￿| @ {2￿|￿2 . ￿2￿ . %2￿|
zkhuh zh revhuyh=
|￿￿| @4 i|W
￿￿| A 3j +45,
|2￿| @
+ |W
2￿| li |￿￿| @4
3 rwkhuzlvh
+46,
dqg lw lv dvvxphg wkdw wkh huuruv +%￿￿|>% 2￿|, duh lqghshqghqw< dqg lghqwlfdoo| glvwulexwhg dqg lq0
ghshqghqw ri +￿￿>{ ￿,1 Vlqfh wkh prgho iru |￿￿| lv d glvfuhwh fkrlfh prgho olnh wkh rqh glvfxvvhg lq
H{dpsohv 4 dqg 6/ wkh qhz fkdoohqjh lv wr hvwlpdwh ￿21 N|uld}lgrx +4<<:, vkrzhg wkdw li N +￿,lv d
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lv frqvlvwhqw dqg dv|pswrwlfdoo| qrupdo xqghu dssursuldwh uhjxodulw| frqglwlrq1 Krzhyhu/ wkh udwh
ri frqyhujhqfh ri a ￿2 lv vorzhu wkdq
s
q1
Wkh hvwlpdwru lq +47, fdq eh xqghuvwrrg e| revhuylqj wkdw
H ^|2￿|m|￿￿| @4 >{ ￿￿>{ 2￿>￿ ￿￿>￿ 2￿‘ @ {2￿|￿2 . ￿2￿
.H ^%2￿|m%￿￿| A ￿{￿￿|￿￿ ￿ ￿￿￿>{ ￿￿>{ 2￿>￿ ￿￿>￿ 2￿‘
<Wklv dvvxpswlrq lv vwurqjhu wkdq qhfhvvdu|1 Vhh N|uld}lgrx +4<<:, ru Krqru￿ dqg N|uld}lgrx +5333d, iru ghwdlov1
45zkhuh wkh odvw whupv lv d vdpsoh vhohfwlrq whup vlplodu wr wkh rqh lq Khfnpdq +4<:9/ 4<:<,1 Li
+%￿￿|>% 2￿|,lv glvwulexwhg olnh +%￿￿r>% 2￿r, +frqglwlrqdo rq {￿￿>{ 2￿>￿ ￿￿>￿ 2￿, wkhq wkh odvw whup zloo eh
wkh vdph iru dq lqglylgxdo zkr kdsshqv wr kdyh {￿￿|￿￿ @ {￿￿r￿￿/ dqg iru vxfk dq lqglylgxdo/
wkh wudqvirupdwlrq |2￿| ￿ |2￿r zloo holplqdwh wkh ￿{hg h￿hfw/ ￿2￿/ dv zhoo dv wkh vdpsoh vhohf0






jxdudqwhhv wkdw lq wkh olplw/ dv qlqfuhdvhv/ rqo| whupv iru zklfk {￿￿|￿￿ @ {￿￿r￿￿
zloo jhw dq| zhljkw1
Wkh hvwlpdwru sursrvhg e| N|uld}lgrx +4<<:, lv forvho| uhodwhg wr dq dssurdfk iru wkh furvv
vhfwlrqdo vdpsoh vhohfwlrq prgho sursrvhg e| Srzhoo +4<;:,431 Udwkhu wkdq frqvlghulqj sdluv ri
wlph shulrgv iru d jlyhq lqglylgxdo lq d sdqho/ Srzhoo frqvlghuhg doo sdluv ri lqglylgxdov lq d furvv
vhfwlrq1 Wklv uhvxowv lq d
s
q￿frqvlvwhqw hvwlpdwru/ hvvhqwldoo| ehfdxvh wkh h￿hfwlyh qxpehu ri whupv




Zkhq wkh vhfrqg glphqvlrq lq d sdqho lv wlph/ lw lv riwhq qdwxudo wr dvvxph wkdw rqh ri wkh
h{sodqdwru| yduldeohv lq +4, lv d sdvw ydoxh ri wkh ghshqghqw yduldeoh1 Lq wkdw fdvh/ lw grhv qrw
pdnh vhqvh wr dvvxph wkdw wkh h{sodqdwru| yduldeohv duh vwulfwo| h{rjhqrxv/ dv zdv grqh lq wkh
suhylrxv vhfwlrq144 Wkh vdph lv wuxh zkhq wkh h{sodqdwru| yduldeohv {￿| d u hd o o r z h gw rg h s h q gr q
sdvw ydoxhv ri wkh ghshqghqw yduldeoh1 Lq wklv vhfwlrq/ zh zloo eulh | glvfxvv wklv sureohp dqg
vrph sursrvhg vroxwlrqv lq wkh fdvh zkhuh wkh prgho kdv d vhw ri vwulfwo| h{rjhqrxv h{sodqdwru|
yduldeohv/ {￿|/ dv zhoo dv d odjjhg ghshqghqw h{sodqdwru| yduldeoh1
Dv phqwlrqhg lq Vhfwlrq 5/ wkhuh duh hvvhqwldoo| wzr dssurdfkhv wkdw rqh fdq wdnh wr hvwlpdwh
qrqolqhdu sdqho gdwd prghov1 D udqgrp h￿hfwv dssurdfk lq zklfk rqh prghov wkh glvwulexwlrq ri
wkh lqglylgxdo vshfl￿f h￿hfw/ dqg d ￿{hg h￿hfwv dssurdfk lq zklfk wkh glvwulexwlrq ri wkh lqglylgxdo
vshfl￿f h￿hfw lv ohiw frpsohwho| xqvshfl￿hg1 Wkh wudgh0r￿ ehwzhhq wkh wzr dssurdfkhv lv wkh vdph
iru g|qdplf prghov dv lw lv iru vwdwlf prghov1 Lq sduwlfxodu/ iru qrqolqhdu prghov olnh +4, lw lv riwhq
wuxh wkdw nqrzlqj ￿grhv qrw doorz rqh wr fdofxodwh pdujlqdo h￿hfwv ri lqwhuhvw1 Rq wkh rwkhu kdqg/
wkh frqvlvwhqf| ri wkh hvwlpdwruv ri d udqgrp h￿hfwv prgho xvxdoo| klqjhv rq d fruuhfw vshfl￿fdwlrq
43Vhh dovr Dkq dqg Srzhoo +4<<6,1
44Lq rwkhu zrugv/ lw grhv qrw pdnh vhqvh wr pdnh dvvxpswlrqv ri wkh glvwulexwlrq ri E0￿rc0￿|￿frqglwlrqdorq E%￿rc%￿|￿1
46ri wkh glvwulexwlrq ri wkh lqglylgxdo vshfl￿f h￿hfw1 Xqiruwxqdwho|/ wklv lv hyhq pruh gl!fxow lq d
g|qdplf prgho wkdq lq d vwdwlf prgho1
Wr looxvwudwh wkh pdlq srlqw/ frqvlghu d g|qdplf yhuvlrq ri +5, lq zklfk rqh ri wkh h{sodqdwru|
yduldeohv lv wkh odjjhg ghshqghqw yduldeoh |￿|3￿/ dqg wkh rwkhu h{sodqdwru| yduldeohv duh vwulfwo| h{0
rjhqrxv1 +5, zrxog wkhq vshfli| wkh glvwulexwlrq ri +|￿2>===>|￿A￿, jlyhq wkh lqglylgxdo vshfl￿f h￿hfw/
wkh vwulfwo| h{rjhqrxv yduldeohv dqg |￿￿1 Krzhyhu/ lw grhv qrw vshfli| wkh glvwulexwlrq ri |￿￿ jlyhq
wkh lqglylgxdo vshfl￿f h￿hfw dqg wkh vwulfwo| h{rjhqrxv yduldeohv1 Wkhuh duh wkhq hvvhqwldoo| wzr
dssurdfkhv1 Rqh dssurdfk/ zklfk zdv sursrvhg e| Khfnpdq +4<;4,/ lv wr vshfli| d vhsdudwh prgho
iru |￿￿jlyhq wkh lqglylgxdo vshfl￿f h￿hfw dqg wkh vwulfwo| h{rjhqrxv yduldeohv1 D glvwulexwlrqdo
dvvxpswlrq rq wkh lqglylgxdo vshfl￿f h￿hfw +frqglwlrqdo rq wkh vwulfwo| h{rjhqrxv yduldeohv, lv
wkhuhiruh vx!flhqw iru rqh wr surfhhg e| pd{lpxp olnholkrrg +ru vrph rwkhu sdudphwulf phwkrg,1
Wkh rwkhu dssurdfk/ zklfk zdv dgyrfdwhg e| Zrrogulgjh +5333,/ lv wr vshfli| wkh glvwulexwlrq ri
wkh lqglylgxdo vshfl￿f h￿hfw frqglwlrqdo rq wkh vwulfwo| h{rjhqrxv yduldeohv/ dqg rq wkh ￿uvw |/ |￿￿1
Zlwk wkdw/ rqh fdq ghulyh wkh glvwulexwlrq ri +|￿2>===>| ￿A￿, jlyhq wkh vwulfwo| h{rjhqrxv yduldeohv dqg
|￿￿1 Wkh odwwhu fdq wkhq eh xvhg wr hvwlpdwh wkh sdudphwhuv ri lqwhuhvw +e| pd{lpxp olnholkrrg ru
vrph rwkhu sdudphwulf phwkrg,1
Erwk wkh udqgrp h￿hfwv dqg wkh ￿{hg h￿hfwv dssurdfk wr g|qdplf qrqolqhdu sdqho gdwd prghov
kdyh srwhqwldo sureohpv1 Exw wkh| dovr kdyh vrph yhu| dsshdolqj ihdwxuhv1 Li +5, k d ve h h ql qh ￿ h f w
ehiruh wkh vwduw ri wkh vdpsoh shulrg/ wkhq wkh glvwulexwlrq ri |￿￿ +jlyhq wkh udqgrp h￿hfw dqg
wkh vwulfwo| h{rjhqrxv yduldeohv, zloo ghshqg rq wkh mrlqw glvwulexwlrq ri wkh udqgrp h￿hfw dqg wkh
vwulfwo| h{rjhqrxv yduldeohv lq shulrgv sulru wr wkh vwduw ri wkh vdpsoh1 Lw lv doprvw xqdyrlgdeoh
wkdw prghoolqj wkh glvwulexwlrq ri |￿￿ +jlyhq wkh lqglylgxdo vshfl￿f h￿hfw dqg wkh vwulfwo| h{rjhqrxv
yduldeohv, lv lqfrqvlvwhqw zlwk +5, dqg rqh fdq/ dw ehvw/ krsh wkdw wkh dssurdfk zloo ohdg wr d xvhixo
dssur{lpdwlrq145 Rq wkh rwkhu kdqg/ wkhuh duh fdvhv lq zklfk wkhuh lv d orjlfdo vwduw ri wkh surfhvv
zklfk frlqflghv zlwk wkh ￿uvw wlph shulrg lq wkh vdpsoh1 Iru h{dpsoh/ wkh ghshqghqw yduldeoh
pljkw eh wkh oderu pdunhw vwdwxv ri kljk vfkrro judgxdwhv/ dqg wkh gdwd pljkw frqwdlq lqirupdwlrq
derxw wkh oderu pdunhw vwdwxv ri lqglylgxdov iurp wkh wlph wkh| judgxdwhg iurp kljk vfkrro1 Lq
wkdw fdvh/ wkhuh lv qr uhdvrq zk| rqh zrxog zdqw wr vshfli| wkh glvwulexwlrq ri wkh ￿uvw revhuydwlrq
45Ri frxuvh/ wkdw fdq eh vdlg derxw doprvw dq| hfrqrphwulf prgho1 Wkh srlqw khuh wkhuhiruh lv wkdw wkh dssurdfk
ohdgv wr rqh pruh ohyho ri dssur{lpdwlrq/ dqg vlqfh wkh prgho iru wkh ￿uvw shulrg lv olnho| wr eh lqfrqvlvwhqw zlwk wkh
prgho iru wkh uhpdlqlqj shulrgv/ lw pljkw eh gl!fxow wr lqwhusuhw wkh uhvxowv1
47lq d zd| wkdw lv frqvlvwhqw zlwk +5,/ dqg wkh lvvxhv dvvrfldwhg zlwk wklv udqgrp h￿hfwv dssurdfk
duh qrw gl￿huhqw iurp wkrvh lq d vwdwlf prgho1
Dv srlqwhg rxw lq Zrrogulgjh +5333,/ vshfli|lqj wkh glvwulexwlrq ri wkh udqgrp h￿hfw frqglwlrqdo
rq wkh vwulfwo| h{rjhqrxv yduldeohv dqg rq |￿￿/ fdq ohdg wr yhu| wudfwdeoh ixqfwlrqdo irupv iru vrph
frpprq qrqolqhdu prghov1 Rq wkh rwkhu kdqg/ lq wklv vhwwlqj/ wkh glvwulexwlrq ri wkh udqgrp h￿hfw
frqglwlrqdo rq wkh vwulfwo| h{rjhqrxv yduldeohv dqg rq |￿￿/ lv olnho| wr eh yhu| frpsolfdwhg dqg wr
ghshqg rq doo wkh h{rjhqrxv yduldeohv lq doo wlph shulrgv1 Wkh uhdvrq lv wkdw li wkh ￿uvw revhuydwlrq
ghshqgv rq wkh udqgrp h￿hfw/ wkhq wkh glvwulexwlrq ri wkh odwwhu frqglwlrqdo rq |￿￿ zloo w|slfdoo|
ghshqg rq {￿￿1 Pruhryhu/ li sdvw ydoxhv ri |￿| duh dovr jhqhudwhg iurp +5,/ wkhq wkh glvwulexwlrq ri
wkh udqgrp h￿hfw frqglwlrqdo rq |￿￿/ dqg doo ydoxhv ri {￿|/ zloo ghshqg +lq d frpsolfdwhg zd|, rq
wkh ydoxhv ri {￿| ehiruh wkh vwduw ri wkh vdpsoh1 Wkh glvwulexwlrq ri wkh udqgrp h￿hfw frqglwlrqdo
rq wkh vwulfwo| h{rjhqrxv yduldeohv/ dqg rq |￿￿/ zloo wkhuhiruh ghshqg rq wkh wlph vhulhv surshuwlhv
ri {￿| lv vrph yhu| frpsolfdwhg zd|1 Lq dq dwwhpsw wr ryhufrph wklv/ Duhoodqr dqg Fduudvfr +4<<<,
frqvlghu d prgho olnh +5, zkhuh wkh glvwulexwlrq ri %￿| . ￿￿ frqglwlrqdo rq doo wkh revhuydeohv xs
wr wlph w lv dvvxphg wr eh krprvnhgdvwlf qrupdo +h{fhsw wkdw wkh yduldqfh pd| ghshqg rq w,e x w
zlwk xqvshfl￿hg h{shfwdwlrq1
Wkh gl!fxow| ri ghdolqj zlwk wkh lqlwldo frqglwlrqv sureohp lq udqgrp h￿hfwv prghov pdnhv lw
lqwhuhvwlqj wr frqvlghu ￿{hg h￿hfwv prghov1 Xqiruwxqdwho|/ lw wxuqv rxw wr eh yhu| gl!fxow wr pdnh
surjuhvv rq wkhvh prghov lq d ￿{hg h￿hfwv vhwwlqj1 Pruhryhu/ wr wkh h{whqw wkdw surjuhvv kdv ehhq
pdgh/ wkh txhvwlrq uhpdlqv zkhwkhu hvwlpdwlqj wkh sdudphwhuv ri wkh prgho doorzv rqh wr fdofxodwh
lqwhuhvwlqj pdujlqdo h￿hfwv/ vlqfh wkh odwwhu zloo w|slfdoo| ghshqg rq wkh ￿vwuxfwxudo￿ sdudphwhuv/
dv zhoo dv wkh mrlqw glvwulexwlrq ri wkh lqglylgxdo vshfl￿f h￿hfw dqg wkh lqlwldo revhuydwlrq1
Wr looxvwudwh wkhvh lvvxhv frqvlghu d ￿{hg h￿hfwv g|qdplf orjlw prgho ri wkh irup
S +|￿|m￿￿>{ ￿>| ￿|3￿>| ￿|32>===, @
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= +48,
Li wkhuh duh dw ohdvw irxu wlph shulrgv/ dqg wkh h{rjhqrxv h{sodqdwru| yduldeohv {￿ duh qrw suhvhqw
lq +48,/ wkhq Fr{ +4<8;, dqg Fkdpehuodlq +4<;8, kdyh vkrzq wkdw rqh fdq hvwlpdwh ￿ e| frqvlg0






1 Krqru￿ dqg N|uld}lgrx +5333e, jhqhudol}hg wklv wr wkh fdvh zkhuh wkh orjlw
prgho zdv dovr doorzhg wr frqwdlq vwulfwo| h{rjhqrxv h{sodqdwru| yduldeohv1
Dv srlqwhg rxw deryh/ nqrzlqj ￿ dqg ￿ lq d prgho olnh +48, grhv qrw doorz rqh wr fdofxodwh wkh
pdujlqdo h￿hfw ri {￿| rq |￿|1 Wklv lv d olplwdwlrq ri wkh ￿{hg h￿hfwv dssurdfk1 Rq wkh rwkhu kdqg/
48dv glvfxvvhg lq Khfnpdq +4<:;, dqg Duhoodqr dqg Krqru￿ +5334,/ wkhuh duh fdvhv lq zklfk ￿ @3
lv dq lqwhuhvwlqj k|srwkhvlv1 Lq wkrvh fdvhv/ lw lv lqwhuhvwlqj wr hvwlpdwh ￿ hyhq li lw grhv qrw doorz
rqh wr fdofxodwh dq| pdujlqdo h￿hfwv1 Pruhryhu/ hyhq wkrxjk ￿ grhv qrw doorz rqh wr fdofxodwh
wkh pdjqlwxgh ri wkh h￿hfw ri {￿| rq |￿|/ lw grhv doorz rqh wr mxgjh wkh uhodwlyh lpsruwdqfh ri wkh
gl￿huhqw frpsrqhqwv ri {￿|/ dv zhoo dv wr whvw zkhwkhu wkh h￿hfw h{lvwv1
Krqru￿ +4<<6, dqg Krqru￿ dqg Kx +5333, frqvlghu fhqvruhg sdqho gdwd uhjuhvvlrq prghov lq
zklfk rqh ri wkh ghshqghqw yduldeohv lv d odjjhg ghshqghqw yduldeoh1 Kx +5335, jhqhudol}hv wklv
wr d fhqvruhg sdqho gdwd uhjuhvvlrq prgho lq zklfk rqh ri wkh ghshqghqw yduldeohv lv wkh odjjhg
xqfhqvruhg ghshqghqw yduldeoh1 Wklv prgho fruuhvsrqgv wr d g|qdplf olqhdu sdqho gdwd prgho zlwk
wrs frglqj +lq zklfk lw grhv qrw pdnh vhqvh wr xvh wkh odjjhg fhqvruhg ghshqghqw yduldeoh dv dq
h{sodqdwru| yduldeoh,1 Ilqdoo|/ N|uld}lgrx +5334, jhqhudol}hv N|uld}lgrx +4<<:, e| doorzlqj erwk
wkh vhohfwlrq htxdwlrq dqg wkh rxwfrph htxdwlrq wr ghshqg rq wkh odjjhg ydoxh ri wkh ghshqghqw
yduldeoh lq wkh vdph htxdwlrq1
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Wkh dgrswlrq ri qhz phwkrgv lq hfrqrphwulfv lv vorzhg grzq e| wkh ￿{hg frvw ri kdylqj wr sur0
judp wkh phwkrgv ￿iurp vfudwfk￿1 Hvwlpdwlrq ri vwdwlf udqgrp h￿hfwv glvfuhwh fkrlfh dqg fhqvruhg
uhjuhvvlrq prghov lv d ￿fdqqhg￿ frppdqg lq Vwdwd1 Dv glvfxvvhg lq Zrrogulgjh +5333,/ wkhvh urx0
wlqhv fdq eh xvhg wr dovr hvwlpdwh g|qdplf prghov li rqh vshfl￿hv wkh glvwulexwlrq ri wkh lqglylgxdo
vshfl￿f h￿hfw frqglwlrqdo rq wkh vwulfwo| h{rjhqrxv yduldeohv/ dqg wkh ￿uvw revhuydwlrq ri wkh gh0
shqghqw yduldeoh lq d sduwlfxodu pdqqhu1 Wkh ￿{hg h￿hfwv orjlw prgho fdq dovr eh hvwlpdwhg xvlqj





Iru vwdwlf prghov olnh wkh rqhv glvfxvvhg lq vhfwlrq 5/ wkh fkrlfh ehwzhhq udqgrp h￿hfwv dqg ￿{hg
h￿hfwv prghov lv vlplodu wr wkh fkrlfh ehwzhhq sdudphwulf dqg vhplsdudphwulf prghov lq furvv
vhfwlrqdo hfrqrphwulfv/ dqg wkh surv dqg frqv duh dovr vlplodu1 Hvwlpdwlqj d udqgrp h￿hfwv sdqho
46Vrph surjudpv duh dydlodeoh +w|slfdoo| lq Jdxvv, iru vrph ri wkh hvwlpdwruv1 Vhh/ iru h{dpsoh/
kwws=22zzz1hfrq1xfod1hgx2n|uld2 dqg kwws=22zzz1sulqfhwrq1hgx2￿krqruh2sdqwre21
49gdwd prgho ru d sdudphwulf furvv vhfwlrqdo prgho uhvxowv lq d ixoo| vshfl￿hg prgho lq zklfk rqh fdq
hvwlpdwh doo wkh txdqwlwlhv ri lqwhuhvw/ zkhuhdv ￿{hg h￿hfwv sdqho gdwd prghov dqg vhplsdudphwulf
furvv vhfwlrqdo prghov w|slfdoo| uhvxow lq wkh hvwlpdwlrq ri vrph ￿qlwh glphqvlrqdo sdudphwhu iurp
zklfk rqh fdqqrw fdofxodwh doo ixqfwlrqv ri wkh glvwulexwlrq ri wkh gdwd147 Pruhryhu/ udqgrp
h￿hfwv prghov zloo xvxdoo| ohdg wr pruh h!flhqw hvwlpdwruv ri wkh sdudphwhuv ri wkh prgho li
wkh glvwulexwlrqdo dvvxpswlrqv duh vdwlv￿hg1 Rq wkh rwkhu kdqg/ ylrodwlrq ri wkh glvwulexwlrqdo
dvvxpswlrqv lq d udqgrp h￿hfwv +ru sdudphwulf, prgho zloo w|slfdoo| ohdg wr lqfrqvlvwhqw hvwlpdwlrq
ri doo wkh sdudphwhuv1 Il{hg h￿hfwv +dqg vhplsdudphwulf, prghov pdnh ihzhu vxfk dvvxpswlrqv1
Edvhg rq wklv/ lw vhhpv wkdw li wkh pdlq dlp ri dq hpslulfdo h{huflvh lv wr mxgjh wkh uhodwlyh
lpsruwdqfh ri d qxpehu ri yduldeohv/ ru wr vwdwlvwlfdoo| whvw zkhwkhu fhuwdlq yduldeohv duh qhhghg/
dqg li h!flhqf| lv qrw wrr pxfk ri dq lvvxh/ wkhq d ￿{hg h￿hfw dssurdfk lv suhihudeoh ehfdxvh lw zloo
eh ohvv vhqvlwlyh wr glvwulexwlrqdo dvvxpswlrqv1 Rq wkh rwkhu kdqg/ li/ dv lv riwhq wkh fdvh/ rqh zdqwv
wr xvh wkh prgho iru suhglfwlrq ru iru fdofxodwlqj wkh h￿hfw ri ydulrxv ￿zkdw￿li*v￿/ wkhq d udqgrp
h￿hfwv prgho zrxog eh suhihudeoh1 Lq wkdw fdvh/ frpsdulqj wkh uhvxowv wr wkh rqhv rewdlqhg xvlqj d
￿{hg h￿hfwv dssurdfk fdq eh xvhg dv d whvw +irupdo ru lqirupdo, ri wkh ydolglw| ri wkh glvwulexwlrqdo
dvvxpswlrqv pdgh lq wkh udqgrp h￿hfwv prgho1
Wkh frpphqwv deryh dovr dsso| wr g|qdplf prghov ri wkh w|sh glvfxvvhg lq Vhfwlrq 6/ h{fhsw
wkdw erwk wkh udqgrp h￿hfwv dqg ￿{hg h￿hfwv dssurdfkhv kdyh dgglwlrqdo gl!fxowlhv1 Wkh ￿{hg
h￿hfwv dssurdfk vx￿huv iurp d odfn ri nqrzohgjh derxw krz wr hvwlpdwh wkh prghov/ zkhuhdv wkh
lqlwldo frqglwlrqv sureohp lv dq dgglwlrqdo lvvxh iru wkh udqgrp h￿hfwv dssurdfk1
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Wkhuh duh qxphurxv rshq txhvwlrqv lq wkh olwhudwxuh rq qrqolqhdu sdqho gdwd prghov1 Dv douhdg|
phqwlrqhg/ pdq| ri wkh ￿{hg h￿hfwv phwkrgv gr qrw ohdg wr hvwlpdwhv ri doo wkh txdqwlwlhv wkdw
rqh qhhgv wr fdofxodwh wkh h￿hfw ri {￿| rq wkh glvwulexwlrq ri |￿| kroglqj hyhu|wklqj hovh htxdo/
zkhuhdv d udqgrp h￿hfwv dssurdfk irufhv rqh wr pdnh glvwulexwlrqdo dvvxpswlrqv wkdw lq vrph
vlwxdwlrqv pd| eh xqghvludeoh1 Wkh uhfhqw sdshu e| Dowrqml dqg Pdw}nlq +5334, pdnhv dq lpsruwdqw
frqwulexwlrq e| irfxvvlqj gluhfwo| rq wkh h￿hfw ri {￿| rq wkh glvwulexwlrq ri |￿| lq d ￿{hg h￿hfwv
47Wklv vwdwhphqw lv vrphzkdw plvohdglqj/ ehfdxvh rqh frxog lpdjlqh hvwlpdwlqj wkh ￿vwuxfwxudo￿ sdudpdwhuv dv zhoo
dv wkh glvwulexwlrqv ri wkh xqrevhuydeohv lq erwk ￿{hg h￿hfwv sdqho gdwd prghov dqg vhplsdudphwulf furvv vhfwlrqdo
prghov1
4:prgho1 Jhqhudol}lqj wklv wr g|qdplf prghov zrxog eh dq lqwhuhvwlqj wrslf iru uhvhdufk1
Zkloh prvw sdqho gdwd vhwv kdyh pdq| pruh lqglylgxdov wkdq wlph shulrgv/ lw lv vrphwlphv wkh
fdvh wkdw wkh qxpehu ri wlph shulrgv lv uhdvrqdeoh odujh1 Lw lv wkhuhiruh lpsruwdqw wr wklqn derxw
hvwlpdwlrq ri qrqolqhdu sdqho gdwd prghov lq vlwxdwlrqv lq zklfk erwk wkh qxpehu ri lqglylgxdov
dqg wkh qxpehu ri wlph shulrgv duh odujh1 Zrxwhuvhq +5334, lv dq lqwhuhvwlqj h{dpsoh ri uhfhqw




Sdqho gdwd phwkrgv duh qhfhvvdu| iru xqghuvwdqglqj lqglylgxdo g|qdplf ehkdylru1 Sdqho gdwd
phwkrgv duh dovr xvhixo lq vlwxdwlrqv wkdw duh furvv vhfwlrqdo lq qdwxuh1 Iru h{dpsoh/ Fdvh/ Olq/
dqg PfOdqdkdq +5333, xvhv d ￿{hg h￿hfwv dssurdfk wr frqwuro iru wkh fkdudfwhulvwlfv ri wkh prwkhu
lq d vwxg| ri wkh hgxfdwlrqdo dwwdlqphqw ri fkloguhq udlvhg e| vwhs/ dgrswlyh ru irvwhu prwkhuv/
frpsduhg wr wkh eluwk fkloguhq ri wkh vdph zrphq1 Ghvslwh wkh gl!fxowlhv dvvrfldwhg zlwk wkhlu
xvh/ wkh| duh olnho| wr frqwlqxh wr sod| dq lpsruwdqw uroh/ dqg lw zloo eh yhu| ydoxdeoh wr h{sdqg
wkh vhw ri wrrov lq wklv duhd1
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Dkq/ K1/ dqg M1 O1 Srzhoo +4<<6,= ￿Vhplsdudphwulf Hvwlpdwlrq ri Fhqvruhg Vhohfwlrq Prghov
zlwk d Qrqsdudphwulf Vhohfwlrq Phfkdqlvp/￿ Mrxuqdo ri Hfrqrphwulfv/ 8;+405,/ 6￿5<1
Dowrqml/ M1 S1/ dqg U1 O1 Pdw}nlq +5334,= ￿Sdqho Gdwd Hvwlpdwruv iru Qrqvhsdudeoh Prghov
zlwk Hqgrjhqrxv Uhjuhvvruv/￿ QEHU Whfkqlfdo Zrunlqj Sdshu 59:1
Dqghuvhq/ H1 E1 +4<:3,= ￿Dv|pswrwlf Surshuwlhv ri Frqglwlrqdo Pd{lpxp Olnholkrrg Hvwlpd0
wruv/￿ Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw|/ Vhulhv E/ 65/ 5;6￿6341
Duhoodqr/ P1/ dqg V1 U1 Erqg +4<;;,= ￿G|qdplf Sdqho Gdwd Hvwlpdwlrq Xvlqj GSG0D Jxlgh
iru Xvhuv/￿ ;;248 Lqvwlwxwh iru Ilvfdo Vwxglhv/ Orqgrq1
Duhoodqr/ P1/ dqg U1 Fduudvfr +4<<<,= ￿Elqdu| Fkrlfh Sdqho Gdwd Prghov zlwk Suhghwhu0
plqhg Yduldeohv/￿ FHPIL Zrunlqj Sdshu qr1 <94;1
Duhoodqr/ P1/ dqg E1 H1 Krqru￿ +5334,= ￿Sdqho Gdwd Prghov1 Vrph Uhfhqw Ghyhorsphqwv/￿
Kdqgerrn ri Hfrqrphwulfv/ 8/ Hovhylhu Vflhqfh/ Dpvwhugdp1
4;Eoxqghoo/ U1/ U1 Juliilwk/ dqg I1 Zlqgphlmhu +4<<:,= ￿Lqglylgxdo H￿hfwv dqg G|qdplf
Frxqw Gdwd/￿ Xqlyhuvlw| Froohjh/ Orqgrq1
Eurzqlqj/ P1 +4<<5,= ￿Fkloguhq dqg Krxvhkrog Hfrqrplf Ehkdylrxu/￿ Mrxuqdo ri Hfrqrplf
Olwhudwxuh/ 63/ 4767￿47:81
Fdvh/ D1/ L10I1 Olq/ dqg V1 PfOdqdkdq +5333,= ￿Hgxfdwlrqdo Dwwdlqphqw lq Eohqghg Idplolhv/￿
Iruwkfrplqj/ Hyroxwlrq dqg Kxpdq Ehkdylru1
Fkdpehuodlq/ J1 +4<;7,= ￿Sdqho Gdwd/ lq Julolfkhv/ ]1 dqg P1G1 Lqwuloljdwru +hgv1,/￿ Kdqgerrn
ri Hfrqrphwulfv/ 5/ Hovhylhu Vflhqfh/ Dpvwhugdp1
Fkdpehuodlq/ J1 +4<;8,= ￿Khwhurjhqhlw|/ Rplwwhg Yduldeoh Eldv/ dqg Gxudwlrq Ghshqghqfh/￿
lq Orqjlwxglqdo Dqdo|vlv ri Oderu Pdunhw Gdwd/ hg1 e| M1 M1 Khfnpdq/ dqg E1 Vlqjhu/ qr1 43
lq Hfrqrphwulf Vrflhw| Prqrjudskv vhulhv￿ ss1 6￿6;1 Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh/
Qhz \run dqg V|gqh|1
Fkhq/ V1 +4<<;,= ￿Urrw0Q Frqvlvwhqw Hvwlpdwlrq ri d Sdqho Gdwd Vdpsoh Vhohfwlrq Prgho/￿ Krqj
Nrqj Xqlyhuvlw| ri Vflhqfh dqg Whfkqrorj|1
Fr{/ G1 U1 +4<8;,= ￿Wkh Uhjuhvvlrq Dqdo|vlv ri Elqdu| Vhtxhqfhv/￿ Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo
Vrflhw|/ 53/ 548￿5751
Kdmlydvvlolrx/ Y1 D1/ dqg S1 D1 Uxxg +4<<7,= ￿Fodvvlfdo Hvwlpdwlrq Phwkrgv iru OGY Prghov
Xvlqj Vlpxodwlrq/￿ lq Kdqgerrn ri Hfrqrphwulfv/ hg1 e| U1 I1 Hqjoh/ dqg G1 O1 PfIdgghq/ qr1 7
lq Kdqgerrnv lq Hfrqrplfv￿ ss1 56;6￿57741 Hovhylhu/ Qruwk0Kroodqg/ Dpvwhugdp/ Orqgrq dqg
Qhz \run1
Kdxvpdq/ M1/ E1 K1 Kdoo/ dqg ]1 Julolfkhv +4<;7,= ￿Hfrqrphwulf Prghov iru Frxqw Gdwd zlwk
dq Dssolfdwlrq wr wkh Sdwhqwv0U)G Uhodwlrqvkls/￿ Hfrqrphwulfd/ 85+7,/ <3<￿6;1
Khfnpdq/ M1 M1 +4<:9,= ￿Wkh Frpprq Vwuxfwxuh ri Vwdwlvwlfdo Prghov ri Wuxqfdwlrq/ Vdpsoh
Vhohfwlrq dqg Olplwhg Ghshqghqw Yduldeohv dqg d Vlpsoh Hvwlpdwru iru Vxfk Prghov/￿ Dqqdov
ri Hfrqrplf dqg Vrfldo Phdvxuhphqw/ 8+7,/ 7:8￿<51
+4<:;,= ￿Vlpsoh Vwdwlvwlfdo Prghov iru Glvfuhwh Sdqho Gdwd Ghyhorshg dqg Dssolhg wr
Whvwv ri wkh K|srwkhvlv ri Wuxh Vwdwh Ghshqghqfh djdlqvw wkh K|srwkhvlv ri Vsxulrxv Vwdwh
Ghshqghqfh/￿ Dqqdohv gh o*LQVHH/ ss1 55:￿59<1
4<+4<:<,= ￿Vdpsoh Vhohfwlrq Eldv dv d Vshfl￿fdwlrq Huuru/￿ Hfrqrphwulfd/ 7:+4,/ 486￿941
+4<;4,= ￿Wkh Lqflghqwdo Sdudphwhuv Sureohp dqg wkh Sureohp ri Lqlwldo Frqglwlrqv lq
Hvwlpdwlqj d Glvfuhwh Wlph0Glvfuhwh Gdwd Vwrfkdvwlf Surfhvv/￿ Vwuxfwxudo Dqdo|vlv ri Glvfuhwh
Sdqho Gdwd zlwk Hfrqrphwulf Dssolfdwlrqv/ F1 I1 Pdqvnl dqg G1 PfIdgghq +hgv,/ ss1 4:<￿4<81
Krqru￿/ E1 H1 +4<<5,= ￿Wulpphg ODG dqg Ohdvw Vtxduhv Hvwlpdwlrq ri Wuxqfdwhg dqg Fhqvruhg
Uhjuhvvlrq Prghov zlwk Il{hg H￿hfwv/￿ Hfrqrphwulfd/ 93/ 866￿8981
+4<<6,= ￿Ruwkrjrqdolw| Frqglwlrqv iru Wrelw Prghov zlwk Il{hg H￿hfwv dqg Odjjhg Gh0
shqghqw Yduldeohv/￿ Mrxuqdo ri Hfrqrphwulfv/ 8</ 68￿941
Krqru￿/ E1 H1/ dqg O1 Kx +5333,= ￿Hvwlpdwlrq ri Furvv Vhfwlrqdo dqg Sdqho Gdwd Fhqvruhg
Uhjuhvvlrq Prghov zlwk Hqgrjhqhlw|/￿ Sulqfhwrq Xqlyhuvlw|1
Krqru￿/ E1 H1/ dqg H1 N|uld}lgrx +5333d,= ￿Hvwlpdwlrq ri Wrelw0W|sh Prghov zlwk Lqglylgxdo
Vshfl￿f H￿hfwv/￿ Hfrqrphwulf Uhylhzv/ 4</ 674￿991
+5333e,= ￿Sdqho Gdwd Glvfuhwh Fkrlfh Prghov zlwk Odjjhg Ghshqghqw Yduldeohv/￿ Hfrqr0
phwulfd/ 9;/ ;6<￿;:71
Kx/ O1 +5335,= ￿Hvwlpdwlqj d Fhqvruhg G|qdplf Sdqho Gdwd Prgho zlwk dq Dssolfdwlrq wr Hduq0
lqjv G|qdplfv/￿ Qruwkzhvwhuq Xqlyhuvlw|1
N|uld}lgrx/ H1 +4<<:,= ￿Hvwlpdwlrq ri d Sdqho Gdwd Vdpsoh Vhohfwlrq Prgho/￿ Hfrqrphwulfd/9 8 /
4668￿46971
+5334,= ￿Hvwlpdwlrq ri G|qdplf Sdqho Gdwd Vdpsoh Vhohfwlrq Prghov/￿ Uhylhz ri Hfr0
qrplf Vwxglhv/ 9;/ 876￿8:51
Odqfdvwhu/ W1 +4<<:,= ￿Ruwkrjrqdo Sdudphwhuv dqg Sdqho Gdwd/￿ Eurzq Xqlyhuvlw|1
Pdqvnl/ F1 +4<;:,= ￿Vhplsdudphwulf Dqdo|vlv ri Udqgrp H￿hfwv Olqhdu Prghov iurp Elqdu|
Sdqho Gdwd/￿ Hfrqrphwulfd/ 88/ 68:￿951
Pdqvnl/ F1 I1 +4<:8,= ￿Wkh Pd{lpxp Vfruh Hvwlpdwlrq ri wkh Vwrfkdvwlf Xwlolw| Prgho ri
Fkrlfh/￿ Mrxuqdo ri Hfrqrphwulfv/6 /5 3 8 ￿ 5 5 ; 1
53+4<;8,= ￿Vhplsdudphwulf Dqdo|vlv ri Glvfuhwh Uhvsrqvh= Dv|pswrwlf Surshuwlhv ri wkh
Pd{lpxp Vfruh Hvwlpdwru/￿ Mrxuqdo ri Hfrqrphwulfv/ 5:/ 646￿6661
Qhzh|/ Z1 N1 +4<<7,= ￿Wkh Dv|pswrwlf Yduldqfh ri Vhplsdudphwulf Hvwlpdwruv/￿ Hfrqrphwulfd/
95+9,/ 467<￿;51
Qh|pdq/ M1/ dqg H1 O1 Vfrww +4<7;,= ￿Frqvlvwhqw Hvwlpdwhv Edvhg rq Sduwldoo| Frqvlvwhqw
Revhuydwlrqv/￿ Hfrqrphwulfd/ 49/ 4￿651
Srzhoo/ M1 O1 +4<;9,= ￿V|pphwulfdoo| Wulpphg Ohdvw Vtxduhv Hvwlpdwlrq iru Wrelw Prghov/￿
Hfrqrphwulfd/ 87+9,/ 4768￿931
+4<;:,= ￿Vhplsdudphwulf Hvwlpdwlrq ri Elyduldwh Odwhqw Prghov/￿ Zrunlqj Sdshu qr1
;:37/ Vrfldo V|vwhpv Uhvhdufk Lqvwlwxwh/ Xqlyhuvlw| ri Zlvfrqvlq￿Pdglvrq1
+4<<7,= ￿Hvwlpdwlrq ri Vhplsdudphwulf Prghov/￿ lq Kdqgerrn ri Hfrqrphwulfv/ hg1 e|
U1 I1 Hqjoh/ dqg G1 O1 PfIdgghq/ qr1 7 lq Kdqgerrnv lq Hfrqrplfv￿ ss1 5776￿58541 Hovhylhu/
Qruwk0Kroodqg/ Dpvwhugdp/ Orqgrq dqg Qhz \run1
Zrrogulgjh/ M1 P1 +5333,= ￿Wkh Lqlwldo Frqglwlrqv Sureohp lq G|qdplf/ Qrqolqhdu Sdqho Gdwd
Prghov zlwk Xqrevhuyhg Khwhurjhqhlw|/￿ Plfkljdq Vwdwh Xqlyhuvlw|1
Zrxwhuvhq/ W1 +5334,= ￿Urexvwqhvv djdlqvw Lqflghqwdo Sdudphwhuv dqg Pl{lqj Glvwulexwlrqv/￿
Xqlyhuvlw| ri Zhvwhuq Rqwdulr1
54